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Let N be the set of all nonnegative integers. A sequence vo, . . . , v,,, E N is 
called a t-sequence if ]vi+r - vi] s 1 for i = 0, 1, . . . , m - 1. For a E FGI, n E N - 
{0}, let g(a, n) be the smallest integer k such that every t-sequence of length k 
starting with a (i.e. v. = a) contains a nondecreasing subsequence of length n. We 
are interested in determining the function g(a, n). 
Our motivation for studying g(a, n) is a consideration of the complexity of an 
algorithm for solving the boundedness problem for one-dimensional vector 
addition system with states (l-VASSs). Such a system is a 4-tuple (qo, vo, Q, S) 
where Q is a finite set of states, q. E Q is the initial state, v. E N is the initial 
value, and 6 is a finite set of transition rules of the form q+ (q’, d) where 
q, q’ E Q and d E { -1, 0, +l}. The reachability set of the l-VASS is the set of all 
pairs (q, Y) E Q x N for which there exist (ql, vl), . . . , (qm, v,) E Q x FV such that 
for i = 0, . . . , m - 1, 49 (4i+b vi+1 - vi) is in 6, and (q, Y) = (qm, Y,). The 
boundedness problem is to determine, given a l-VASS, whether its reachability 
set is finite. [l] contains a tree construction algorithm which can be adapted to 
solve this problem as follows: starting with a root labelled (qo, vo), keep 
extending the tree downwards by applying all allowable transition rules to the 
labels of the leaves, until we obtain a tree in which every leaf with label (q, Y) has 
a proper ancestor labelled (q, Y’) such that v’ G Y. Here “allowable” means 
application of the rule will not produce a (q, Y) with Y < 0. The reachability set is 
infinite iff Y’ < Y holds for at least one leaf in the final tree. For a proof of 
correctness and termination, see [l]. 
The maximum amount of space required by the algorithm (using a depth-first 
approach) is proportional to the length L of the longest path in the tree. 
Furthermore, if the l-VASS has r transition rules, then each node in the tree has 
at most r sons, so that the total number of nodes is at most (rL+l - l)/(r - 1). 
Hence L determines both the time and the space complexities of the algorithm. 
For a l-VASS with state set Q and initial value vo, g(v,, IQ] + 1) is an upper 
bound on L, since the Y labels along a path of length g(v,, IQ] + 1) form a 
t-sequence which, by the definition of g, contains a nondecreasing subsequence of 
length IQ] + 1. By the pigeonhole principle, two of the nodes corresponding to 
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the subsequence must have the same q label, thereby guaranteeing that the path 
would not be extended any further by the algorithm. 
Theorem. g(a, n) = n(n - 1)/2 + a(n - 1) + 1. 
Proof. We first prove that g(a, n) > n(n - 1)/2 + a(n - l), by exhibiting an 
appropriate t-sequence which contains no nondecreasing subsequence of length n, 
namely 
a u+l* -.u+n-2 l*(u+n-3) 2*(u+n-4)a.m 
(n - 3)*(u + 1) (n - 2) *u (n - l)*(u - 1) (n - l)*(u - 2) 
. . * (n - l)*l (n - l)*o, 
where r*s means r occurrences of s. This is clearly a t-sequence of length 
n(n - 1)/2 + u(n - 1) beginning with a. It is naturally decomposed into two 
segments: Ti consisting of elements >a, followed by T2 consisting of elements <a. 
Clearly no nondecreasing subsequence can contain elements from both Tl and 
T2. Furthermore, a nondecreasing subsequence of T2 must contain elements of 
the same value, and hence be of length at most n - 1. So it remains to show that 
T, does not contain a nondecreasing subsequence of length n. This is equivalent 
to proving the same assertion for the following f-sequence T’: 
0 1 2. f * (n - 2) l*(n - 3) 2*(n - 4). * * (n - 3)*1 (n - 2)*0. 
Take any nondecreasing subsequence S of T’. Suppose S contains k elements 
from the initial segment 0, . . . , n - 2. Then k s II - 1. If these are all the 
elements of S then its length is less than n. Otherwise S contains at least one 
element beyond n - 2. But S can only contain elements of the same value beyond 
n - 2. Let this value be Y (<n - 2). There are only n - Y - 2 occurrences of Y 
beyond n - 2, so the length of S is at most k + (n - Y - 2). If k = 0 this is clearly 
less than n. Otherwise k > 0. Then the largest element u of S from the initial 
segment satisfies u > k - 1, so Y 3 k - 1 also. From this we get k + (n - Y - 2) c 
n - 1. 
Next we show that every t-sequence of length n(n - 1)/2 + u(n - 1) + 1 
beginning with a must contain a nondecreasing subsequence of length n. Let T be 
such a t-sequence. We assume that it does not contain a nondecreasing 
subsequence of length n, and derive a contradiction. Suppose T contains a value 
m a a. Then T contains an increasing subsequence v,,, . . . , vi,_, of length 
m - a + 1, such that vi, = j + a for each j, and vi__a is the first occurrence of m in 
T. Such a subsequence can be obtained by defining ii to be the largest k such that 
~~=j+uandk<i,+,, forj=m-l-a,m-2-u,...,O.Eachi,iswell-defined 
because the definition of a r-sequence guarantees that it is impossible to reach 
x 2 a without first going through a, a + 1, . . . , x - 1. Now if a value m 2 
a + n - 1 occurs in T, then the subsequence defined as above has length sn, 
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contrary to assumption. Hence the only values that can occur in T are 
0, 1, . . . ) u + n - 2. There can be at most n - 1 occurrences of any of these 
values, in particular of each of 0, 1, . . . , a - 1, for a total of a(n - 1) elements. 
For each m E {a, . . . , a + n - 2}, let pm be the number of occurrences of m in T. 
It must be the case that for each such m, pm s n - (m - a) - 1, as otherwise 
pm 2 n - (m - a), and the subsequence defined as above up to and including the 
first occurrence of m, followed by the remaining pm - 1 occurrences of m, is a 
nondecreasing subsequence of length 
(m-u+l)+(p,-l)=p,+(m-u)Z=n, 
a contradiction. Hence the total length of T is at most 
a+?l-2 n(n - 1) 
u(n-l)+ x [n-(m-a)-l]=u(n-l)+T 
t?l=Sl 
contrary to the assumed length of T. 0 
By definition, g(u, n) - 1 is the length of a longest t-sequence beginning with u 
which does not contain a nondecreasing subsequence of length n. In the proof of 
the theorem, we explicitly constructed such a t-sequence. In fact this f-sequence is 
not unique. For each n = 2, 3, . . . , let T, be 
0 la** n-21n-3~~~OIO+~~n-4[~~~10. 
Then T, is a t-sequence of length g(0, n) - 1 beginning with 0; the vertical bars 
simply divide it into n - 1 segments which are alternately increasing and 
decreasing, with maximum values n - 2, n - 3, . . . , 0 respectively. We show that 
T, does not contain a subsequence of length n, by induction on n. The base case 
n = 2 is obvious. For the inductive step, assume n > 2 and that the assertion is 
true for n’ < n. For contradiction, let S be a nondecreasing subsequence of length 
n. By the pigeonhole principle, some segment must contribute at least 2 elements 
to S. Let the kth segment be the first such segment, and let it contribute m a 2 
elements, of which u is the largest. Then the kth segment must be increasing with 
maximum element n - k - 1, and u > m - 1. Furthermore S contains at most 
(k - 1) + (m - 1) = k + m - 2 elements less than u. Now obtain S’ from S by 
deleting all elements less than U, and then subtracting u from each remaining 
element. Similarly obtain TA from T, by deleting the first k - 1 segments and all 
elements less than u in the remaining segments, and then subtracting u from each 
remaining element. Then TA = Tn--k--u+lr and S’ is a nondecreasing subsequence 
of TA of length an - (k + m - 2) = n-k-m+2. But we know 2Sn-k-u+ 
1 <n since u in -k - 1, k 3 1 and u 3 1. So by induction, the longest 
nondecreasing subsequence of TA has length =az - k - u, so that n - k - m + 2 s 
n - k - u, from which u cm - 2. This contradicts the fact that u 2 m - 1, and 
completes the proof of our claim. Clearly we can easily generalize T, to 
t-sequences beginning with u > 0. 
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We conclude by remarking that the higher-dimensional analogues of g(a, n) are 
at least exponential in n (for example, see [2]). 
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